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This work deals with braneworld scenarios in the presence of real scalar field with standard 
dynamics. We show that the first-order formalism, which exists in the case of flat brane, can be 
extended to bent brane, for both de Sitter and anti-de Sitter geometry. We illustrate the results 
with some examples of current interest to high energy physics. 
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I. INTRODUCTION 

o: 

In this work we focus attention on the braneworld scenario described in five-dimensional space-time with warped 
geometry involving a single extra dimension. The issue is to consider branes in five-dimensional anti-de Sitter (AdS) 
, geometry, embedding four-dimensional AdS, Minkowski (M), or de Sitter (dS) geometry. The scenario was set forward 
(D in Refs. [ll, 13, and in the presence of dynamical bulk scalar fields in Ref. [3j. The five-dimensional warped model of 
Randall- Sundrum the RS2 model, requires a single infinite extra dimension, and has raised an impressive amount 
QQ ■ of attention. 

' Among the important issues, an interesting methodological concern has appeared with the possibility of investigating 

■ the equations of motion via first-order differential equations. This issue is addressed for instance in Refs. (ii^, iia 
^ ' 1^1 ^7^1 1 and it is nicely solved in case the four-dimensional embedded geometry is flat. In the more general case, if the 

, braneworld engenders four-dimensional embedded dS or AdS geometry, some progress was shown in Refs. UJ,UJ,UJ 
and in references therein. 

I , The present investigation examines the issue of extending the first-order formalism to the case of bent brane, that 
• is, we deal mainly with the possibility of obtaining first-order equations in braneworld scenario driven by scalar 
\Q \ field, with embedded geometry of the AdS, M, or dS type. We open a new route to investigate the subject, which we 
. explain below. The main result is related to the recent study of Friedmann- Robertson- Walker (FRW) model for scalar 

■ fields coupled to gravity in the four-dimensional cosmological environment [14i |. with direct interest to dark energy. 
-*Y> , Evidently, the motivation arises together with the importance of finding first-order formalism, which directly simplifies 
O ^ analysis of the problem and opens new avenues of investigations, both of them contributing to a better understanding 
O I of the questions the subject has raised. With due care, our result can be used to generalize the investigation done in 

■ Ref. 01 . Thus, it is of interest to cosmology, and also to braneworld cosmology [islfl^ IT^ flM IT^ . 
^ ' Our investigations inspect Einstein's equation and the equation of motion for the scalar field in a very direct way. 

We consider models described by real scalar fields in five dimensional space-time with AdS geometry, which engenders 
a single extra dimension and generic four dimensional space-time with AdS, M, or dS geometry. The power of the 
^ , method that we develop in this Letter is related to an important simplification, which leads to models governed by 
■ - ■ scalar field potential of very specific form, depending on two functions, W = W{4)) and Z = Z{(j)). As we show below, 
we relate the functions W and Z to the warp factor, and this leads to scenarios where the scalar field may also be 
connected with W and Z, unveiling a new route to investigate the subject. We illustrate our findings with some 
examples of current interest to high energy physics. 



II. FORMALISM 



The model that we investigate is described by the action 

J d^xdy ^ i i? + £(0, (1) 

where (j) stands for a real scalar field and we are using AttG = 1, together with dimensionless fields and coordinates. 
The line element of the five-dimensional space-time is AdS, and can be written as 

dsj = gijdx'dx^ = e^^dsl - dy^ (2) 

for i,j — 0, 1, ...,4. Also, the line element of the four-dimensional space-time can have the form 

dsj = df - e^^\dxl + dxl -h dxl) (3) 
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dsl = {dt^ - dxl -dxD- dxl (4) 

for dS or AdS geometry, respectively. Here e^^ is the warp factor and A represents the cosmological constant of the 
four-dimensional space-time; the limit A ^ leads to the line element 

dsl = e^^r^^.^dx^'dx" - dy^ (5) 

where 77^,^, ^,1^ = 0, 1, 2, 3, describes Minkowski geometry. As usual, the brane is bent for AdS or dS geometry, and 
flat for Minkowski space-time. 

The scalar field dynamics is governed by the Lagrange density 

C=^g,,d'q^d'c^-V (6) 

where V = V{4>) represents the potential, which specifies the model to be considered. The standard scenario is to 
suppose that both A and (j) are static, depending only on the extra dimension. That is, we set A — A{y) and (p ~ (t>{y), 
and now the equation of motion for the scalar field has the form 

0" + 4A>' = (7) 

where prime denotes derivative with respect to y, and = dV/d(f>. We first consider Einstein's equation for Minkowski 
four-dimensional space-ime. This leads to the flat brane case, and we get 

A" = -^0'^ (8a) 

A" = l<t>" - lv{^) (8b) 

To get to the flrst-order formalism, we introduce another function, W — Wicj)), which can be used to see the warp 
factor as a function of the scalar field. We do this writing the first-order equation 

A' = --W (9) 
3 ^ ^ 



(10) 



We use this equation and Eq. (|8a|l to get to 



and now the potential in Eq. (|8bl) has the form 



y = Iw^ - (11) 



Evidently, Eqs. and (fTn|l solve Eqs. and JHJ for the above potential (fTT|l . We can also change W —W to get 
another possibility without changing the potential. This result is very interesting, since it simplifies the calculation 
significantly. As one knows, it was already obtained by other authors in former works ^J^. See also Refs. poll2ll l2^ 
for other comments concerning the first-order formalism in arbitrary dimension in supergravity. 
We illustrate this case with the example 

W (0) = ^^0(2P-1)/P _ ^^0(2P+1)/P (12) 

2p-V 2p+r ^ ^ 

where p is odd integer. The case p = 1 is special, and reproduces the (p'^ model in flat spacetime. This model was flrst 
introduced in 23] , and it was recently considered within the braneworld context in |24| . The scalar field is now given 
by (piy) — tanh^(?//p), and this gives 

p-i 

A = tanh2P(y/p) + {C+ - C_) {ln[cosh(2//p)] - E ^ tanh2"(y/p)} (13) 

n— 1 

with C± =p/{2p±l). 
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Another interesting example, which leads to analytical investigation of its stability (see below) is given by the 
superpotential W — 3asinh(60). It gives the potential 
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^b^ cosh^(60) - 3a^ sinh^(6</)) 



(14) 



and the solutions 



(j){y) — — arcsinh 
A(.) = -|,ln 



tan ( '^ob^y 
c sec ( 2^b^y 



(15a) 
(15b) 



where a, b, and c are real constants. Here we see from A{y) that the metric has a naked singularity at the value 
y* = n/Sab"^. See also Refs. 113, 113 for other examples of branes supported by scalar fields. 

We now consider the general case of four dimensional AdS, Minkowski or dS geometry. This leads to the bent brane 
case, and we use Einstein's equation to get 



A" + 

A'2 _ 



Ae 



-2A 
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(16a) 
(16b) 



for dS geometry. The case of Minkowski spacctime is obtained in the limit A ^ 0, which leads us back to Eqs. ((SJ, 
and for AdS, we have to change A —A. 

The presence of A makes the problem much harder. Interesting investigations have been already appeared in 
Refs. B a El m and in references therein. Here, however, we follow another route. The key issue is that the 
presence of A signals the need of new constraints, and we suggest that 



A' = 



1. 



-W 



1 



AaZ 



(17) 



and 



(18) 



where Z — Z{(j3) is a new and in principle arbitrary function of the scalar field, to respond for the presence of the 
cosmological constant, and a and (3 are real parameters. These parameters lead to interesting possibilities: if we 
compare © and (|10|l with H17|l and H18|l we see that a = makes no change in the equation for the warp factor, 
and f3 = does not modify the equation for the scalar field. The general extension is inspired in a very recent work 
|l4j . in which a first-order formalism was shown to work for cosmology, to describe scalar field in curved space-time. 
However, the investigation done in Ref. ^3 corresponds to the case a = and P ^ 0. The present procedure is clear, 
concise, and direct, and can be easily used to provide solutions to specific problems, as we show below. 

The general extension will be further examined in a longer work, in preparation. In the present letter, we take 
a = 1 and P — 1 — s, which suffices to illustrate the procedure. In this case, in the braneworld scenario generated by 
scalar field, the potential V{(l)) is given by 



y = li^c^ + A(l - s)Z^)iW^ + A(l + ■3s)Z^) ~ \{W + kZf 
o o 

and we now have to include the constraint 

W^^Z^ + W^Z^^ + 2A(1 - s)Z^Z^^ - ^WZ^ - ^AZZ^ = 

which opens new routes for braneworlds driven by scalar field under the presence of the cosmological constant. 
To illustrate the power of this procedure, let us consider the case given hy Z = W. This possibility leads to 



(19) 



(20) 



c W(l)(t> -W ^0 



(21) 
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where c = (1 + (1 — s)A)/(l + A). This makes W bounded or not, depending on the sign of c. We consider an 
example, described hy W — 3asinh(6(/)), for b = ±-\/2/3c, and for c positive. In this case we have 

V = ^0^(1 + A) [1 + (1 + 3s)A] cosh2(&(/)) - 30^(1 + A)^ smh'^{b<j)) (22) 
The scalar field has the form 

(/>(y) = iarcsinh[tan (a(l + A)y)] (23) 

and now A is given by 

Aiy) = -i ln[s 0^(1 + A) sec^ (a(l + A)y)] (24) 

where we have to take s (1 + A) > 0. Here we see from A that the metric has a naked singularity at the value 
y* = 7r/2a(l + A). This is similar to the model studied in the second work in Ref. 7], which investigates the second- 
order differential equations of motion. Our investigation is much easier, thanks to the first-order formalism introduced 
above. 



III. STABILITY 



The study of stability of the solutions can be done choosing a gauge were the general metric fluctuations have the 
form 



(25) 



Here g^^^, — g^v{x,y) represents the four-dimensional AdS, M, or dS metric, h^^ — h^^{x,y) represents the metric 
perturbations, and e is a small parameter. We follow Ref. [6j, introducing the coordinate z to make the metric 
conformally flat with the choice dz = e~'^^^'^^dy. In this case, stability of the solutions leads to the Schrodingcr 
equation for metric perturbations, under the choice of transverse and traceless gauge. 



'~d?~ 



+ V{z)'iP{z) = k^ijjiz) 



(26) 



with 



for dS geometry; for AdS, we change A 
factorizes in the form @| 



QA Q 3 

V{z)^^'^ + U'Hz) + ^A"{z) (27) 
' —A, and for Minkowski we take A = 0. For A = 0, the Schrodingcr equation 



d 3 .,, , 
Tz + 4^^^^ 



(28) 



and so there is no bound-state with negative energy; the zero mode is the zero-energy state V'o(^) — e^i^^^\ which 
identifies the ground-state of the quantum mechanical problem. 

In the case of A 7^ 0, the stability is more involved and should be studi ed v ery specifically. For simplicity, however, 
we firstly examine the case with A = 0. We consider Eq. (|15bll . for b — •y/l/3. In this case we have 



which leads to 



A{z) = 2 In 2 - ln(4c2 + a^z^/c^) 
' a^z-'lc^-c^ 



V{z) = 12 - 



C2 (a2z7c2 4c2)2 



(29) 



(30) 



This is a volcano-like potential which supports the zero mode and no other bound state. The braneworld scenario is 
stable, and the graviton is the zero mode which binds to the brane This is the standard scenario in the 
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absence of cosmological constant, and it also appear when we deal with scalar field that engenders unconventional 
self- interactions [23 or with two-field models 1291. 



As the next example, let us consider the same model, by now with b — ±y/2/3. This choice leads to 



A{z) = In 



- sech ( — z\ 
c V c / 



(31) 



and the potential has the form 



V{z)^ 



9 a' 



4c2 



4 c2 



15 , 2 /a \ 

sech y-zj 



(32) 



This is a modified Poschl- Teller potential. It supports the zero mode and another bound state, massive, with eigenvalue 
k'^ = 2c? jc? ^ inside the gap between the zero mode and the continuum, which starts at fc^ — Qa'/Ac'. We notice that 
both the continuum and the massive bound state may be far away from the zero mode for a » c. 

We now turn attention to the case of A 7^ 0. We consider an interesting example, given by the result obtained in 
Eq. 123), which leads to 



A{z) = -\\n[sa^{l 



- A) cosh^ (qz)] 



The potential is now given by 



Q 1 5 

V{z)^^{q'-A)-^qhech\qz) 



(33) 



(34) 



where q'^ — {1 + A)/s. The model supports two bound states, with the labels fcg = — 9A/4 and kf — 2q^ — 9A/4. For 
A negative we get to AdSi geometry, and the two bound states have positive eigenvalues, making the solution stable. 
The absence of zero mode indicates that there is no massless graviton, in accord with the Karch- Randall model '30| ; 
see also j^H^- On the other hand, we can introduce a massless mode with the restriction q"^ = {1 + A)/s — 9A/8, 
but this leads to a bound state with negative eigenvalue, a tachyonic state with energy — 9A/4, which shows that 
now A has to be positive. This result indicates that the possibility of a geometric transition from AdS4 to dS4 would 
not occur stably. It is interesting to notice that in the above model, the limit A ^ changes the potential (|34|l to 
(|32|l under the identification s — (? jc? . Other interesting comments concerning the above braneworld scenario with 
non-zero cosmological constant can be found in Ref. 0, and in references therein. 

We remark that the first-order procedure introduced in Sec.^has very directly led to the model studied in Ref. 0], 
there examined by means of second-order differential equations. The example introduced with M^((/)) — 3a sinh(6(/>) 
very clearly illustrates the importance of the first-order procedure set forward in the present work. 



IV. ENDING COMMENTS 



In this work we have shown how to write a first-order formalism, to describe scenarios where the braneworld is 
supported by scalar field, including the possibility of the brane to have AdS, Minkowski, or dS geometry. The crucial 
ingredient was the introduction oiW = M^(0) and Z = Z{(j)), from which we could express both A and (j) in terms of 
first-order differential equations, for the potential engendering very specific form. The first-order equations have the 
general structure dA/dy = —{1/3){W + AaZ) and d(f)/dy — (1/2)(VF0 -I- A/JZ^), where A is the cosmological constant 
and a and (3 are real parameters. The importance of the procedure is related not only to the improvement of the 
process of finding explicit solution, but also to the opening of another route, in which we can very fast and directly 
investigate the subject. 

The approach used in this work focuses on the equations of motion, and provides a direct way to investigate the 
subject. The procedure used in .&. .12] is more sophisticated. In particular, in Ref. .IZ] there is an interesting investi- 
gation based on fake supergravity. The power of the methodology there employed leads to important improvements, 
concerning both the construction of solutions and the non-perturbative study of stability, valid in arbirtrary dimen- 
sions. The procedure of the present study is simpler. It is inspired on a former work on FRW cosmology 14J, and 
offers a concise and direct manner to investigate the problem. Its simplicity poses interestin g iss ues, in particular 
the investigation of the connection between our approach and the general methodology of Ref. [13, for instance, the 
unveiling of plausible relations between the pair of parameters a and /3, introduced in the first-order equations, with 
different gauge choices for the complex, S'J7(2)-valued matrix W which appears in Sec. IV of Ref. [l^. Another 
interesting issue concerns extensions of the present work to models described by two or more scalar fields, which are 
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of direct interest to branes and strings. Although the formal steps may appear straightforward, the simplicity of the 
present approach allow practical improvements, concerning the explicit solution of more involved models. These and 
other related issues arc presently under consideration, and will be the subject of another work. 

We would like to thank Francisco Brito for comments and discussions, and CAPES, CLAF/CNPq, CNPq, 
PADCT/CNPq, and PRONEX/CNPq/FAPESQ for financial support. 
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